We prove that semisimple 4-dimensional oriented topological field theories lead to stable diffeomorphism invariants and can therefore not distinguish homeomorphic closed oriented smooth 4-manifolds. We show that most existing 4-dimensional field theories are semisimple, including unitary field theories, and once-extended field theories which assign algebras or linear categories to 2-manifolds. As an application, we compute the value of a semisimple field theory on a simply connected closed oriented 4-manifold in terms of its Euler characteristic and signature.
1. Introduction 1.1. Summary of results. Motivated by a wealth of powerful field-theoretically-inspired 4-manifold invariants [Don83, Wit94, OS06, KM07] , a major open problem in quantum topology is the construction of a 4-dimensional topological field theory in the sense of Atiyah-Segal [Ati88, Seg04] which is sensitive to exotic smooth structure. In this paper, we prove that no semisimple topological field theory (Definition 2.6) can achieve this goal. Almost every currently known example of a full 4-dimensional oriented topological field theory is semisimple and hence subject to our results, including invertible field theories (Example 2.7), unitary field theories (Theorem 2.9), and once-extended field theories (Theorem 2.10) with values in any of the symmetric monoidal bicategories appearing in the 'bestiary of 2-vector spaces' of [BDSV15, App A], such as -the bicategory of algebras, bimodules and bimodule maps; -the bicategory of additive and idempotent complete linear categories, linear functors and natural transformations. Concretely, we prove that semisimple field theories lead to stable diffeomorphism invariants.
Theorem A. Let Z be a semisimple oriented 4-dimensional topological field theory and let W and W be S 2 × S 2 -stably diffeomorphic 1 connected compact oriented 4-bordisms. Then Z(W ) = Z(W ).
Theorem A is proven in Section 3 by decomposing Z into a finite direct sum of indecomposable theories which are multiplicative under connected sum (Proposition 3.2) and invertible on S 2 × S 2 (Theorem 3.5).
1 Two connected compact oriented 4-bordisms W, W : M − → N are S 2 ×S 2 -stably diffeomorphic if there is an integer n ∈ Z ≥0 and an orientation-preserving diffeomorphism of bordisms between the n-fold connected sums W # n (S 2 × S 2 ) and W # n (S 2 × S 2 ), where the connected sum is taken in the interior of the bordisms.
image of the fundamental class c * [M ] ∈ H 4 (π 1 (M ), Z) under a classifying map c : M − → K(π 1 (M ), 1) of the universal cover.
Theorem C and Corollary D are proven in Section 4. Comparing Corollaries B and D raises the following question:
Question 1.1. In [Tei92, Exm 5.2.4], Teichner constructs two closed, oriented, homotopy equivalent 4-manifolds M and N that are not S 2 × S 2 -stably diffeomorphic. Is there a semisimple topological field theory which distinguishes these 4-manifolds? By Corollary D such a field theory necessarily needs to have emergent fermions.
As an application of Theorem C, we compute the value of an indecomposable semisimple field theory on a connected, simply connected closed oriented 4-manifold. Moreover, except for the top right entry, all entries in the above table are invertible.
Corollary E is proven in Section 4.4. Throughout this paper, we use the Crane-Yetter-Kauffman [CKY97] topological field theory CYK C , defined for an arbitrary ribbon fusion category C, as our guiding example of an indecomposable semisimple oriented 4-dimensional topological field theory. We show (Example 4.4) that CYK C has emergent fermions if and only if C contains a 'fermion'a transparent simple object with non-trivial twist. Treating the field theory CYK C as an invariant of the ribbon fusion category C, Corollary E leads to the following question:
Question 1.2. For a ribbon fusion category C, the values of CYK C on S 4 , S 2 × S 2 , CP 2 and CP 2 encode important algebraic invariants of C (see for example [DGNO10] ), namely the global dimension of C (see Example 2.3)
the global dimension of the symmetric center of C (see Example 3.6) CYK C (S 4 ) −2 CYK C (S 2 × S 2 ) = Xi∈Irr(Zsym(C)) dim(X i ) 2 , and the normalized Gauss sums (see Example 4.1)
Following Corollary E, one might expect that CYK C (S 4 ) −2 CYK C (K3) should play a similarly important role for ribbon fusion categories with transparent simple objects with non-trivial twist. Can this (much more complicated) invariant be expressed in terms of known invariants of C?
1.3. Related work. In [FKN + 05], Freedman, Kitaev, Nayak, Slingerland, Walker and Wang construct a pairing on formal linear combinations of closed manifolds and investigate its positivity properties. As a consequence, it is shown that a unitary topological field theory cannot distinguish smoothly s-cobordant manifolds. Since any two s-cobordant manifolds are stably diffeomorphic [Qui83] (but not vice versa) and since any unitary topological field theory is semisimple (Theorem 2.9, but again not vice versa), our result may be viewed both as a strengthening and a generalization of the 4-dimensional results of [FKN + 05] . The efficiency of unitary field theories as invariants of smooth manifolds in other dimensions is studied in [CFW10, KT08] .
Our description of the Crane-Yetter-Kauffman theory CYK C mostly follows Barrett and Bärenz' work on dichromatic invariants [BB18] . In particular, we generalize their formula [BB18, Lem 3.12] for the value of the dichromatic invariant on simply connected 4-manifolds to an analogous formula for arbitrary indecomposable semisimple field theories (Corollaries 3.9 and E). Their formula in turn is a generalization of a computation in [CKY93] which expresses the 4-manifold invariant resulting from the Crane-Yetter-Kauffman theory CYK C for a modular category C (and hence invertible field theory CYK C , see also [SP18, Sec 1.3]) in terms of Euler characteristic and signature.
Similar to the Crane-Yetter-Kauffman theory, the oriented 4-manifold invariants in [BB18, Cui19, DR18, CCC19] are either proven or expected to arise from once-extended topological field theories with values in one of the symmetric monoidal bicategories of the 'bestiary of 2-vector spaces' of [BDSV15, App A] and should therefore be subject to our results.
1.4. Outline. Section 2 concerns the definition and examples of semisimple field theories. After recalling background material in Section 2.1, we define semisimple field theories in Section 2.2. In Sections 2.3 and 2.4 we prove that unitary, and extended field theories are semisimple.
In Section 3, we prove Theorem A and investigate its consequences. In Section 3.1, after establishing that indecomposable semisimple field theories are multiplicative under connected sums, we combine a certain diffeomorphism of 4-bordisms (Proposition 3.4) with a well-known algebraic characterization of semisimple Frobenius algebras (Proposition 3.3), to prove that such field theories do not vanish on S 2 × S 2 (Theorem 3.5). Theorem A then follows from decomposing a semisimple field theory into its components. In Section 3.2, we prove Corollary B and explicitly compute the 4-manifold invariant arising from an indecomposable semisimple field theory on simply connected closed 4-manifolds (Corollary 3.9).
In the last Section 4, we investigate the interplay between CP 2 -stability and the Gluck twist. Theorem C is proven in Section 4.3, again by constructing a certain diffeomorphism of 4-bordisms (Proposition 4.5) to establish the theorem for indecomposable semisimple field theories (Theorem 4.8). In Section 4.4, we prove Corollaries D and E. 1.5. Acknowledgements. I am grateful to Chris Douglas for numerous discussions about field theories and 4-manifolds, William Olsen for making me aware of the relevance of stable diffeomorphisms to topological field theories, and Peter Teichner for streamlining the proof of Proposition 3.4. I am also grateful for the hospitality and financial support of the Max-Planck Institute for Mathematics where this work was carried out.
2. Semisimple four-dimensional topological field theories 2.1. Background. Throughout, we let k be an algebraically closed field and denote the symmetric monoidal category of k-vector spaces and linear maps by Vect k .
All manifolds appearing in this paper will be smooth and oriented. In Propositions 3.4 and 4.5 we use handle diagrams and the Kirby calculus of handle moves to prove that certain closed oriented 4-manifolds are diffeomorphic. We refer the reader to [GS99] for a thorough introduction to these techniques. Given two closed oriented (n − 1)-manifolds M and N , recall that an oriented n-bordism M − → N is a compact oriented n-manifold W together with an orientation preserving diffeomorphism i W : M N − → ∂W , where M denotes the manifold M with the opposite orientation. An orientation preserving diffeomorphism of oriented bordisms W, W : M − → N is an orientation preserving diffeomorphism f : W − → W such that f •i W = i W . We follow common conventions and surpress the diffeomorphisms i W from our notation, leaving it to the reader to recover them from context. We let Bord n denote the symmetric monoidal category of closed oriented (n − 1)-manifolds and diffeomorphism classes of n-bordisms between them. A careful definition of this category can for example be found in [Koc03] .
Following the Atiyah-Segal axiomatization [Ati88, Seg04] , an oriented topological field theory is a symmetric monoidal functor Bord n − → Vect k . Concretely, this amounts to an assignment of a vector space Z(M ) to every closed oriented (n − 1)-manifold M and a linear map Z(W ) : Z(M ) − → Z(N ) to every (diffeomorphism class of) oriented n-bordism W : M − → N , in a way that is compatible with gluing of bordisms and disjoint union. Recall that a commutative Frobenius algebra (A, m, u, ∆, ) is a k-vector space A equipped with the structure of a commutative algebra (m :
such that m and ∆ fulfill the following Frobenius compatibility condition:
Commutative Frobenius algebra objects are defined analogously in any symmetric monoidal category. In particular, for n ≥ 2, the (n − 1)-sphere S n−1 is a commutative Frobenius algebra object in the bordism category Bord n with unit u n−1 : ∅ − → S n−1 and counit n−1 : S n−1 − → ∅ given by the n-disk D n , and with multiplication m n−1 : S n−1 S n−1 − → S n−1 and comultiplication ∆ n−1 : S n−1 − → S n−1 S n−1 given by the 'pair of pants bordism' obtained from removing two embedded n-disks from an n-disk. More generally, since any closed oriented k-manifold M (0 ≤ k ≤ n − 1) induces a symmetric monoidal functor −×M : Bord n−k − → Bord n , the manifold S n−k−1 ×M admits the structure of a commutative Frobenius algebra object (
Besides their well-known role in the classification of two-dimensional oriented topological field theories (see e.g. [Koc03] ), commutative Frobenius algebras play important roles in the study of topological field theories in any dimension. Indeed, much of this paper is concerned with the following commutative Frobenius algebras associated to any 4-dimensional oriented topological field theory.
Definition 2.1. Let Z be an oriented 4-dimensional topological field theory. Its algebra of local operators is the commutative Frobenius algebra
Its fusion algebra is the commutative Frobenius algebra
Remark 2.2. The terminology 'algebra of local operators' and 'fusion algebra' is inspired by physics. Physical topological field theories are expected to be local or extended, also assigning algebraic data to manifolds of higher codimension. Informally, for an n-dimensional topological field theory Z, the value Z(S k ) (for 0 ≤ k ≤ n − 1) should be thought of as encoding the 'collection' (really: an object of some n − k-category) of labels of (n − k − 1)dimensional strata in n-manifolds (where the sphere S k is thought of as the linking sphere of that stratum). In particular, for a 4-dimensional topological field theory, Z(S 3 ) encodes the 'local operators' of the field theory which can be inserted into points of 4-manifolds. Similarly, for a once-extended theory, Z(S 2 ) encodes the data labelling 1-dimensional strata in 4-manifolds. Equivalently, if we think of our 4-manifolds as 'spacetimes' and of these 1-dimensional strata as 'worldlines' of point particles, Z(S 2 ) encodes the point particles of the 4-dimensional field theory. Since the algebra structure on Z(S 2 × S 1 ) may be thought of as a decategorification, or trace, of the monoidal structure on Z(S 2 ) induced from inclusions of 3-disks, it may be thought of as encoding the 'fusion of point particles' in the quantum field theory Z.
Example 2.3. Our guiding example throughout this paper is the Crane-Yetter-Kauffman theory [CKY97] , an oriented 4-dimensional topological field theory CYK C : Bord 4 − → Vect k over an algebraically closed field k of characteristic zero, defined for any ribbon fusion category C (see [BB18] for a definition of ribbon fusion category). Our use of the Crane-Yetter-Kauffman theory closely follows [BB18] , where the resulting invariant of closed oriented 4-manifolds M is expressed 3 in terms of a handle decomposition of M (as a special case amongst a more general family of 'dichromatic' invariants). If M admits a Kirby diagram with a single 0-and 4-handle and which is free of 1-and 3-handles, the invariant can be computed as follows: Since C is a ribbon category, we can evaluate any framed link L with a labelling of each connected component L i of L by an object X i of C to a scalar L(X 1 , . . . , X n ). To compute CYK C (M ), we then sum up these scalars over a set of representing simple objects Irr(C) of C using appropriate normalization factors:
(2) CYK C (M ) = D C X1,...,Xn∈Irr(C) i dim(X i ) L(X 1 , . . . , X n ).
Here, dim(X) denotes the quantum dimension of the object X, defined as the evaluation of the 0-framed unlink labelled by X, and D C := X∈Irr(C) dim(X) 2 is the global dimension of C. In the general case, formula (2) has to be adapted slightly to the presence of 1-and 3-handles (see [BB18] ). The algebra of local operators and the fusion algebra of CYK C can be understood in terms of the symmetric center of C: Recall that an object x in a braided monoidal category C is transparent if it braids trivially with all other objects, that is if c y,x • c x,y = id x⊗y for all objects y of C where c x,y : x ⊗ y − → y ⊗ x denotes the braiding natural isomorphism of C. The symmetric center Z sym (C) of C is the full subcategory of C on all transparent objects. In particular, Z sym (C) is a symmetric monoidal category and is ribbon if C is ribbon (see [BB18, Def 2.41] for more details). The algebra of local operators CYK C (S 3 ) is the 3 To extend the Crane-Yetter-Kauffman 4-manifold invariant from [BB18] to a topological field theory we need to use the normalization denoted CY C in [BB18] , rather than the one used in their main definition and denoted CY C . Explicitly, on a closed oriented 4-manifold M , the invariants are related as follows: endomorphism-algebra Hom Zsym(C) (I, I) ∼ = k and the fusion algebra CYK C (S 2 × S 1 ) is the k-linearized Grothendieck ring 4 K 0 (Z sym (C))⊗ Z k of Z sym (C) (see [Wal06] for a proof sketch).
It is expected that the Crane-Yetter-Kauffman theory arises from a fully extended field theory with values in the 4-category of braided tensor categories [BJS18] and that it is in fact an oriented version of the fully extended framed field theory constructed via the cobordism hypothesis [BD95, Lur09] from a braided fusion category in [BJS18] . In particular, the 1-category 'of point particles' CYK C (S 2 ) with its symmetric monoidal structure inherited from embeddings of 3-disks into 3-disks is expected to be the symmetric center Z sym (C) of C. And indeed, in any once-extended field theory Z (with values in the symmetric monoidal 2-category 2Vect k of additive and idempotent complete k-linear categories, see Section 2.4) both algebras Z(S 3 ) and Z(S 2 × S 1 ) are completely determined by the 1-category Z(S 2 ) with its induced monoidal structure; Z(S 3 ) is the endomorphism algebra Hom Z(S 3 ) (I, I) (see e.g. the proof of Theorem 2.10) while Z(S 2 × S 1 ) is the k-linearized Grothendieck ring of the monoidal category Z(S 2 ).
In the following, we say that an oriented topological field theory is zero if it is zero on all non-empty closed 3-manifolds and on all non-empty compact 4-bordisms.
Proposition 2.4. Let Z : Bord 4 − → Vect k be a non-zero oriented 4-dimensional topological field theory. Then, both its algebra of local operators Z(S 3 ) and its fusion algebra Z(S 2 ×S 1 ) are non-zero.
Proof. First note that if Z(D 4 ) is the zero linear map, it follows by excising and regluing an embedded 4-disk from the interior of any non-empty 4-dimensional compact oriented bordism W , that Z(W ) = 0. Thus, the topological field theory Z is zero. In particular, if
is zero, by excising and regluing an embedded S 2 × D 2 from D 4 , it again follows that Z(D 4 ) = 0 and hence that Z is zero.
The direct sum Z 1 ⊕Z 2 of two oriented topological field theories [DJ94] is defined to be the topological field theory which assigns the vector space Z 1 (M ) ⊕ Z 2 (M ) to any non-empty connected closed oriented (n − 1)-manifold M and the tensor product of these spaces to disconnected manifolds. Similarly, to a non-empty connected compact oriented n-bordism W it assigns the direct sum of linear maps Z 1 (W ) and Z 2 (W ) (interpreted as a linear map between the appropriate tensor products of direct sums) and again extends to non-connected bordisms by taking tensor products. In particular, the value of Z 1 ⊕ Z 2 on a non-empty connected closed oriented n-manifold is simply the sum of the values of Z 1 and Z 2 . We say that a topological field theory is indecomposable if it is not isomorphic to a direct sum of non-zero field theories.
Using the fact that for every non-empty connected closed oriented (n − 1)-manifold M , the vector space Z(M ) carries a canonical action of the algebra Z(S n−1 ), Sawin [Saw95] showed that direct sum decompositions of a topological field theory Z : Bord n − → Vect k are controlled by its algebra of local operators Z(S n−1 ).
Proposition 2.5 ([Saw95, Thm 1]). If the algebra of local operators Z(S n−1 ) is the direct sum of Frobenius algebras A 1 ⊕ A 2 , then Z is the direct sum Z 1 ⊕ Z 2 of topological field theories Z 1 and Z 2 whose algebras of local operators are A 1 and A 2 , respectively. In particular, Z is indecomposable if and only if the algebra of local operators of Z is indecomposable as a Frobenius algebra.
Semisimple topological field theories.
Definition 2.6. An oriented 4-dimensional topological field theory Z : Bord 4 − → Vect k is semisimple if both its algebra of local operators Z(S 3 ) and its fusion algebra Z(S 2 × S 1 ) are semisimple.
Example 2.7. Due to their direct amenability to techniques from algebraic topology, the arguably best-understood class of topological field theories are the invertible field theories [Fre14, SP17] . In our 1-categorical setting, invertibility of a topological field theory Z : Bord 4 − → Vect k amounts to the requirement that all vector spaces Z(M 3 ) are onedimensional, and all linear maps
Since any kalgebra on a one-dimensional vector space is trivial, every oriented invertible 4-dimensional topological field theory is automatically semisimple.
Using Proposition 2.5, we observe that every semisimple topological field theory decomposes into a finite direct sum of semisimple field theories with Z(S 3 ) ∼ = k.
Proposition 2.8. Every semisimple oriented topological field theory admits a decomposition into a finite direct sum of indecomposable semisimple field theories. A semisimple oriented topological field theory Z is indecomposable if and only if Z(S 3 ) ∼ = k.
Proof. By Artin-Wedderburn, every semisimple commutative algebra over an algebraically closed field k is a direct sum ⊕ i k of copies of the trivial algebra k. It therefore follows from Proposition 2.5 that Z is indecomposable if and only if Z(S 3 ) ∼ = k.
Suppose that Z = i Z i is a semisimple topological field theory, where Z i are indecomposable topological field theories. We then claim that each component Z i is itself semisimple. Of course, Z i (S 3 ) ∼ = k is semisimple. By the definition of the direct sum of topological field theories, it follows that the algebra Z(S 2 × S 1 ) is a direct sum of the algebras Z i (S 2 × S 1 ). The claim then follows since every component in a direct sum decomposition of a semisimple algebra is again semisimple.
2.3. Unitary topological field theories are semisimple. In this section, we work over the field k = C and prove that every unitary topological field theory is semisimple.
For a bordism W : M − → N , we let W : N − → M denote the bordism with opposite orientation (and hence source and target interchanged). A unitary topological field theory is a symmetric monoidal functor Bord n − → Hilb into the symmetric monoidal category of Hilbert spaces and linear maps such that
In other words, both symmetric monoidal categories Bord n and Hilb admit a dagger structure (also known as * -structure) and a unitary topological field theory is required to preserve that structure.
Theorem 2.9. Any unitary topological field theory is semisimple.
Proof. For a unitary topological field theory, Z(S 3 ) and Z(S 2 × S 1 ) are commutative †-Frobenius algebras in Hilb, that is commutative Frobenius algebras such that the comultiplication ∆ is the adjoint linear map of the multiplication: ∆ = m † . The theorem then follows from the fact that the underlying finite-dimensional C-algebra of every †-Frobenius algebra in Hilb admits the structure of a finite-dimensional C * -algebra [CPV13, Cor 4.3] and is therefore semisimple.
2.4. Once extended k-linear topological field theories are semisimple. Most existing topological field theories -and in particular the ones motivated by physics -are either proven or believed to be extended, meaning that they also assign algebraic data to manifolds of higher codimension and allow gluing not only along boundaries but also along higher codimensional corners. Here, we show that any topological field theory that is 'onceextended' in the sense that it also assigns k-linear categories to closed oriented 2-manifolds is automatically semisimple.
We follow [SP09] and let Bord 4,3,2 denote the symmetric monoidal bicategory of onceextended oriented bordism. Roughly speaking, its objects are closed oriented 2-manifolds, its 1-morphisms are compact oriented 3-dimensional bordism and its 2-morphisms are diffeomorphism classes of compact oriented 4-dimensional bordisms with corners. We refer to [SP09] for a precise definition of this symmetric monoidal bicategory.
In the following, a once-extended k-linear oriented 4-dimensional topological field theory is a symmetric monoidal 2-functor Bord 4,3,2 − → 2Vect k , where 2Vect k is the symmetric monoidal bicategory of additive and idempotent complete k-linear categories, klinear functors and natural transformations. In fact, there are many possible symmetric monoidal bicategories T which serve as a potential target 'extending' Vect k (in the sense that Hom T (I T , I T ) ∼ = Vect k ). In [BDSV15, App A] various other natural candidates for such bicategories of '2-vector spaces' are discussed, including the bicategory of k-algebras, k-bimodules and bimodule maps. By restricting to closed oriented 3-manifolds and bordisms between them, any once extended k-linear topological field theory Z : Bord 4,3,2 − → T induces an ordinary 4-dimensional topological field theory ΩZ : Bord 4 − → Vect k in the sense of Section 2.1. and we may henceforth assume that T = 2Vect f.d.
k . The cancellation of 0-and 1-handles gives rise to an adjunction 5 between the 1-morphisms D 3 : ∅ − → S 2 and D 3 : S 2 − → ∅ in the bordism bicategory Bord 4,3,2 with the following unit and counit:
Omitting coherence isomorphisms from the notation, any adjunction (f : 
A 1-morphism f : a − → b which is part of an adjunction as above is said to be a left adjoint. Given a left adjoint 1-morphism f : a − → b, its right adjoint g : b − → a and the unit η and counit of the adjunction are uniquely determined up to isomorphism.
= ⇒ g • f in the monoidal category Hom B (a, a). Since the right adjoint g, the unit η and the counit are uniquely determined up to isomorphism by f , it follows that this algebra is also uniquely determined by f up to algebra isomorphism.
− − → ∅ and observing that the 'pair of pants bordism' m 3 : S 3 S 3 − → S 3 of Section 2.1 corresponds to a 1-handle attachment, it follows that the algebra structure (S 3 , m 3 , u 3 ) of Section 2.1 indeed arises in this way from the adjunction between k ) is simply the usual algebra structure induced by composition in the category Z(S 2 ). Since Z(S 2 ) is a semisimple category, it follows that the endomorphism algebra Hom Z(S 2 ) (I, I) is semisimple.
Applying the same argument to the 'dimensionally reduced' topological field theory Z(− × S 1 ) : Bord 3,2,1 − → 2Vect implies that Z(S 2 × S 1 ) is the endomorphism algebra Hom Z(S 1 ×S 1 ) (I, I) of some object I in the semisimple category Z(S 1 × S 1 ) and is therefore also semisimple.
Example 2.11. As discussed in Example 2.3, the Crane-Yetter-Kauffman theory is expected to be fully extended taking values in the 4-category of braided tensor categories [BJS18, Wal06] . In particular, Theorem 2.10 should imply that CYK C is semisimple. Alternatively, one can directly show that the algebra of local operators Hom Zsym(C) (I, I) ∼ = k and the fusion algebra K 0 (Z sym (C)) ⊗ Z k are semisimple 7 [EGNO15, Cor 3.7.7].
3. Semisimple topological field theories are S 2 × S 2 -stable Let X be a connected, closed, oriented n-manifold. Two connected compact oriented nbordisms M, N : A − → B are X-stably diffeomorphic if there are natural numbers k + , k − ≥ 0 and an orientation-preserving diffeomorphism of oriented bordisms
Here, and throughout this paper, connected sums are taken in the interior of bordisms. 6 Of course, this object I is the tensor unit of the monoidal structure on C induced from embeddings of 3-disks. Even though we will henceforth denote this object by I, this observation is not necessary for our proof of Theorem 2.10.
7 In [EGNO15, Cor 3.7.7], it is shown that for any fusion ring A [EGNO15, Def 3.1.7], the algebra A C := A⊗ Z C is semisimple. To extend this to arbitrary fields of characteristic zero, note that any fusion ring A admits a canonical Frobenius algebra structure in the category of free abelian groups (using the notation of [EGNO15, Sec 3.1], comultiplication and counit are given by ∆(b i ) := j b j ⊗ b * j b i and τ (1) := 1, τ (b i ) = 0 for b i = 1). In particular, by Proposition 3.3, A k = A ⊗ Z k is semisimple if and only if the endomorphism (of free abelian groups) f := m • ∆ : A − → A is invertible over k. But since f is invertible over C and since k is of characteristic zero (as assumed for the Crane-Yetter theory), it follows that f is invertible over k and hence that A k is semisimple.
Definition 3.1. An n-dimensional oriented topological field theory is X-stable if Z(M ) = Z(N ) for X-stably diffeomorphic connected compact oriented n-bordisms M and N .
In this paper, we will be concerned with X = S 2 × S 2 and X = CP 2 (note that S 2 × S 2 admits an orientation reversing diffeomorphism, whereas CP 2 does not).
Most results in this paper ultimately follow from the following well-known and straightforward observation about field theories with trivial algebra of local operators.
Proposition 3.2. Let Z be an oriented n-dimensional topological field theory with Z(S n−1 ) ∼ = k. Then, Z(S n ) is invertible and Z is multiplicative under connected sums: For a connected closed oriented n-manifold M and a connected oriented n-bordism N : A − → B, the following holds, where the connected sum is taken in the interior of N :
are the unit and counit of a Frobenius algebra on k, it follows that they and hence also their composite Z(S n ) is invertible. Note that Proposition 3.2 follows from the special case A = ∅ by precomposing N : A − → B with the bordism A × D 1 : ∅ − → A A. For A = ∅, the proposition follows from the following decomposition:
3.1. Proving S 2 × S 2 -stability. Combining Propositions 2.8 and 3.2, proving S 2 × S 2stability of semisimple topological field theories is equivalent to proving invertibility of Z(S 2 × S 2 ) for indecomposable semisimple topological field theories. In the following section, we achieve this by combining a certain diffeomorphism of 4-bordisms with the following well-known algebraic characterization of semisimple Frobenius algebras. Proof. Recall that a k-algebra (A, m : A ⊗ A − → A, u : k − → A) is separable if there exists a separating morphism δ : A − → A ⊗ A such that m • δ = id A and such that m and δ fulfill the Frobenius condition (1). Over an algebraically closed field k, the notions of separability and semisimplicity are equivalent 8 [DI71] .
Let δ : A − → A ⊗ A be a separating morphism for (A, m, u). Using the Frobenius condition (1) and the fact that δ is a separating morphism, it can then directly be shown that
In Bord 4 , the 'window endomorphism' of the commutative Frobenius algebra object (S 2 × S 1 , m 2 × S 1 , u 2 × S 1 , ∆ 2 × S 1 , 2 × S 1 ) is the composite bordism
This endomorphism has 'eigenvector' S 2 ×D 2 , as witnessed by the following diffeomorphism.
Proposition 3.4. There is an orientation preserving diffeomorphism of the following oriented bordisms ∅ − → S 2 × S 1 :
(3)
Here, the connected sum # is taken in the interior of S 2 × D 2 .
Proof. Let L and R denote the bordisms ∅ − → S 2 ×S 1 on the left and right of (3), respectively. We construct a diffeomorphism of bordisms between L and R by composing them with the bordism D 3 × S 1 : S 2 × S 1 − → ∅ and constructing a diffeomorphism of pairs
Using the standard diffeomorphism (
Observe that the composite bordism S 2 ∆2 − − → S 2 S 2 m2 − − → S 2 is diffeomorphic to the bordism (S 2 × S 1 ) 2 : S 2 − → S 2 obtained from removing two 3-disks from the closed oriented 3-manifold S 2 × S 1 . Therefore, (
where (S 2 × S 1 ) 1 is obtained from removing a single 3-disk from S 2 × S 1 . In particular, the embedded circle
is null-isotopic. Since D 3 × S 1 → R is also null-isotopic, any orientation-preserving diffeomorphism of the closed oriented 4-manifolds L − → R may be isotoped to a diffeomorphism of pairs (4).
The closed oriented 4-manifold L ∼ = (S 2 × S 1 ) 1 × S 1 ∪ S 2 ×S 1 (S 2 × D 2 ) is obtained from S 2 ×S 1 ×S 1 by performing surgery -that is, replacing an embedded D 3 ×S 1 by an S 2 ×D 2 -on the last S 1 of S 2 ×S 1 ×S 1 . In Akbulut's dotted circle notation for 1-handles [GS99, Sec 5.4], the standard handle diagram for S 2 × S 1 × S 1 is a Borromean link with two dotted and one 0-framed component, together with an additional 0-framed unknot around the meridian of the 0-framed component: The resulting handle diagram is precisely a diagram for R ∼ = (S 3 × S 1 )#(S 2 × S 2 ).
Combining the diffeomorphism of Proposition 3.4 with Proposition 3.3 results in the following theorem.
Theorem 3.5. Let Z be an indecomposable semisimple oriented 4-dimensional topological field theory. Then, Z(S 2 × S 2 ) is invertible.
Proof. By definition, the commutative Frobenius algebra Z(S 2 × S 1 ) is semisimple. Hence, by Proposition 3.3, the window endomorphism Z(w S 2 ×S 1 ) : Z(S 2 × S 1 ) − → Z(S 2 × S 1 ) is invertible. Applying Z to the diffeomorphism of Theorem 3.4 and using multiplicativity under connected sums (Proposition 3.2), we find:
is the unit of the (non-zero by Proposition 2.4) algebra (Z(S 2 × S 1 ), Z(S 2 × m 1 ), Z(S 2 × u 1 )) and hence a non-zero vector in Z(S 2 × S 1 ), it follows that the scalar Z(S 4 ) −2 Z(S 3 × S 1 )Z(S 2 × S 2 ) ∈ k is an eigenvalue of the invertible endomorphism Z(W S 2 ×S 1 ) and is therefore itself invertible.
Example 3.6. Using (2) and the standard handle diagram of S 2 × S 2 with two 2-handles attached along a 0-framed Hopf link, the value of CYK C (S 2 ×S 2 ) can be explicitly computed as a product of the global dimensions of C and of the symmetric center of C (see [BB18, Sec 6.1]):
In particular, Theorem 3.5 may be understood as a geometric analogue of the invertibility of the global dimension of braided fusion categories [DGNO10] .
Our main Theorem A is a direct corollary of Theorem 3.5.
Proof of Theorem A. By Proposition 2.8, we can assume that Z is indecomposable and in particular that Z(S 3 ) ∼ = k. Let n ∈ Z ≥0 be such that M # n (S 2 × S 2 ) ∼ = N # n (S 2 × S 2 ). Multiplicativity of indecomposable semisimple field theories (Proposition 2.8) implies that
Since Z(S 2 × S 2 ) is invertible (Theorem 3.5), it follows that Z(M ) = Z(N ).
Consequences of Theorem A.
Stable diffeomorphism is a very well-studied equivalence relation on the set of closed oriented 4-manifolds. A classical theorem of Wall [Wal64] shows that two connected, simply connected closed oriented 4-manifolds are S 2 × S 2stably diffeomorphic if and only if they have isomorphic intersection forms. More generally, Kreck [Kre99] showed that the stable diffeomorphism class of a closed oriented 4-manifold is completely determined by its oriented 1-type and the bordism class of the manifold in an appropriately structured bordism group. This essentially reduces the classification of stable diffeomorphism classes to a bordism problem. Kreck's classification is particularly simple in the non-spinnable case: Indeed, the S 2 × S 2 -stable diffeomorphism class of any closed oriented 4-manifold M whose universal cover does not admit a spin structure is completely determined by its Euler characteristic χ(M ), signature σ(M ), fundamental group π 1 (M ) and the image of the fundamental class c * [M ] ∈ H 4 (π 1 (M ), Z) under a classifying map of the universal cover c : M − → K(π 1 (M ), 1). Using these results and a theorem of Gompf [Gom84] , we obtain a proof of Corollary B.
Proof of Corollary B. The first statement follows from a theorem of Gompf [Gom84] which shows that two homeomorphic closed oriented 4-manifolds are S 2 × S 2 -stably diffeomorphic. The second statement follows from Wall's theorem [Wal64] . The last statement is a direct consequence of Kreck's classification [Kre99] of S 2 × S 2 -stable diffeomorphism classes of closed oriented 4-manifolds with universal covers which do not admit spin structures.
Remark 3.7. Alternatively, Corollary B 2. also follows from Corollary B 1. and Freedman's celebrated classification of simply connected topological 4-manifolds [Fre82] which implies that two simply connected closed smooth 4-manifolds are homeomorphic if and only if they have the same homotopy type.
Remark 3.8. In Corollary B, the assumptions on simply-connectedness or non-spinnability of universal covers are due to the relatively simple classification of stable diffeomorphism types in these situations. For the classification of stable diffeomorphism types of more general manifolds, see e.g. [Tei92, Dav05] or Question 1.1.
Using Theorem A, we can evaluate an indecomposable semisimple theory Z on a manifold M by evaluating it on a potentially much simpler 'reference manifold' in the same S 2 × S 2stable diffeomorphism class. For example, to evaluate Z on a simply connected closed oriented 4-manifold M , we only need to know the Euler characteristic and signature of M and the value of Z on the manifolds S 4 , S 2 × S 2 , CP 2 , CP 2 and the Kummer surface K3.
Corollary 3.9. Let Z be an indecomposable semisimple oriented 4-dimensional topological field theory and let M be a connected, simply connected closed oriented 4-manifold. If M does not admit a spin structure, then If M admits a spin structure, then Here, for a closed oriented 4-manifold M , we use the notation Z(M ) := Z(S 4 ) −1 Z(M ).
Proof. By Wall's theorem [Wal64] , two connected, simply connected closed oriented 4manifolds are S 2 × S 2 -stably diffeomorphic if and only if they have isomorphic intersection forms. As a consequence of Donaldson's theorem [Don83] this is equivalent to requiring their Euler characteristic, signature and parity to agree. Since the parity of the intersection form of a simply connected smooth 4-manifold is even if and only if the manifold admits a spin structure, the classification of S 2 × S 2 -stable diffeomorphism classes of simply connected 4-manifolds splits into a spin and non-spin case.
In the non-spin case, we note that CP 2 is a simply connected non-spin manifold with Euler characteristic 3 and signature 1. Since M is a simply connected 4-manifold which does not admit a spin structure, it cannot be a homology sphere and hence has b + 2 (M )+b − 2 (M ) = b 2 (M ) ≥ 1. Therefore, the simply connected 4-manifold N :
CP 2 has at least one factor of CP 2 or CP 2 and hence does not admit a spin structure. Since its Euler characteristic is χ(M ) and its signature is σ(M ), it follows that N is S 2 × S 2 -stably diffeomorphic to M . Formula (5) follows from multiplicativity of Z up to Z(S 4 ) factors.
For the spin case, we note that the K3-surface is a simply connected spin manifold with Euler characteristic 24 and signature −16. By Rohlin's theorem [Roh52] , the signature σ(M ) of a closed spin manifold M is divisible by 16 and since M is simply connected and hence χ ≡ σ (mod 2), the Euler characteristic χ(M ) is even. Assuming that M has negative signature σ(M ) = −16s ≤ 0, it follows that the following two simply connected spin manifolds have the same Euler characteristic (namely χ(M ) + 2a = 2 + 22s + 2b) and signature (namely σ(M ) = −16s) and are therefore S 2 × S 2 -stably diffeomorphic:
Here, a and b are non-negative integers such that b − a = 1 2 (χ(M ) − 2 − 22s). Since χ(M ) is even, it is always possible to choose such integers 9 . Formula (6) then follows from multiplicativity of Z and invertibility of Z(S 2 × S 2 ). If σ(M ) = 16s ≥ 0, we may replace K3 by K3 in (7) to get an analogous stable diffeomorphism. It follows from the orientationpreserving diffeomorphism K3#K3 ∼ = # 22 (S 2 × S 2 ) that Z(K3) and Z(K3) are invertible, and that we may replace Z(K3) by Z(K3) −1 Z(S 2 × S 2 ) 22 in the resulting formula. This again results in formula (7).
Remark 3.10. Using Kreck's classification [Kre99] , analogous formulas can be derived in the non-simply connected case. See Remark 4.10 for a discussion of this in the simpler case of CP 2 -stability.
CP 2 -stability, the Gluck twist and emergent fermions
To lift the spinnability assumption of Corollary B 3. and to better understand the behaviour of field theories on spin manifolds, we turn to the question of CP 2 -stability of semisimple oriented 4-dimensional field theories. Since there is an orientation-preserving diffeomorphism (S 2 × S 2 )#CP 2 ∼ = CP 2 #CP 2 #CP 2 (see for example [GS99, Exm 5.2.5]), CP 2 -stability is a stronger condition than S 2 ×S 2 -stability. And indeed, there are semisimple oriented topological field theories which are not CP 2 -stable.
Example 4.1. Recall that the handle diagram for CP 2 consists of a single 2-handle attached along a 1-framed unknot. In particular, using expression (2), the Crane-Yetter-Kauffman theory for a ribbon fusion category C evaluates CP 2 to the Gauss sum
where θ i ∈ k denotes the ribbon twist of the simple object X i . In particular, for C the symmetric monoidal category sVect k of super vector spaces 10 with two simple objects k + and k − which both have the same dimension dim ± = 1 but different twists θ ± = ±1, we obtain CYK sVect k (CP 2 ) = 0. Therefore, since S 2 × S 2 is CP 2 -stably diffeomorphic to CP 2 #CP 2 and since the indecomposable semisimple oriented topological field theory CYK sVect vanishes on the latter but is invertible on the former, it follows that CYK sVect is an example of a field theory which is S 2 × S 2 -stable but not CP 2 -stable. 9 In fact, it is not known whether one can always choose a = 0. This is equivalent to the simply connected case of the celebrated ' 11 8 -conjecture' [Mat82] that for any closed spin manifold b 2 ≥ 11 8 |σ|. 10 As a monoidal category, sVect k is the category of Z 2 -graded vector spaces and grading preserving linear maps. The symmetry isomorphism σ V,W : V ⊗ W − → W ⊗ V is defined in terms of the usual sign rule mapping homogenous vectors v, w with grading |v|, |w| ∈ Z 2 to σ(v ⊗ w) = (−1) |v||w| w ⊗ v. Moreover, we always take 2Vect k to be equipped with the unique ribbon structure for which all dimensions are positive. 4.1. The Gluck twist and emergent fermions. In condensed matter physics, the vanishing of the Gauss sum as in Example 4.1 is more generally anticipated for theories with fermions [Wen15] [BGH + 17, Cor 3.6]. In this section, we show that the vanishing of Z(CP 2 ) is indeed equivalent to the presence of fermions amongst the 'point particles' of the topological field theory. Mathematically, this 'emergence of fermions' can be characterized as follows. Recall that any orientation preserving diffeomorphism φ : S 2 × S 1 − → S 2 × S 1 is either isotopic to the identity or to the Gluck twist [Glu62] , the diffeomorphism φ defined as (x, y) − → (α(y)x, y), where α : S 1 − → SO(3) is a representative of the generator of π 1 (SO(3)) = Z/2Z. Remark 4.3. Recall from Remark 2.2 that from the perspective of physics, the 'fusion algebra' Z(S 2 × S 1 ) may be understood as a decategorification, or trace, of the category (or more generally, object of some 2-category) of 'point particles' Z(S 2 ) in an extended 4-dimensional field theory. From this perspective, the Gluck twist, seen as an invertible 4-dimensional bordism with corners S 2 × [0, 1] = ⇒ S 2 × [0, 1] may be understood as encoding the operation of rotating a point particle by 360 degrees in 3-space. Indeed, we point out that even though our field theory is 'bosonic' in that it is a functor from an oriented (and not, say, spin) bordism category to the category of ordinary (and not, say, super) vector spaces, it may nevertheless have fermionic point particles which do behave non-trivially under this action of π 1 (SO(3)) = Z/2Z. In the condensed-matter physics community this phenomena is known as the 'emergence of fermions' in a bosonic topological order [LKW18] . In particular, we may decompose the vector space of 'point particles' Z(S 2 × S 1 ) into a vector space of bosons Z(S 2 × S 1 ) + on which the Gluck twist acts trivially and a vector space of fermions Z(S 2 × S 1 ) − on which the Gluck twist acts as minus the identity. → CYK C (S 2 ×S 1 ) is the endomorphism of K 0 (Z sym (C))⊗ Z k mapping (the isomorphism class of) a transparent simple object X i to θ i X i , where θ i ∈ k × denotes the ribbon twist of X i . In particular, in agreement with Remark 4.3, the Gluck twist acts non-trivially if and only if the ribbon category C has fermions 11 -transparent simple objects with non-trivial twist. 4.2. The Gluck twist is CP 2 -trivial. In the following, we show that the Gluck twist, seen as an invertible 4-dimensional bordism S 2 × S 1 − → S 2 × S 1 , is CP 2 -stably diffeomorphic to the cylinder S 2 × S 1 × [0, 1]. Hence, any CP 2 -stable oriented topological field theory has trivial Gluck twist, and can therefore not have emergent fermions.
For an orientation-preserving diffeomorphism φ : M − → N of closed oriented 3-manifolds, we write Cyl(φ) : M − → N for the mapping cylinder, defined as the compact oriented 4-
Given a topological field theory, we abuse notation and write Z(φ) : Z(M ) − → Z(N ) for the linear map Z(Cyl(φ)). All results of this section are direct consequences of the following diffeomorphism. Proposition 4.5. There is an orientation-preserving diffeomorphism of the following oriented bordisms S 2 × S 1 − → S 2 × S 1 :
Proof. We construct a diffeomorphism ψ of CP 2 # S 2 × S 1 × [0, 1] such that ψ| S 2 ×S 1 ×{0} is the identity and ψ| S 2 ×S 1 ×{1} is the Gluck twist. Recall that a relative Kirby diagram [GS99, Sec 5.5] for a connected compact oriented 4-bordism W : ∂ − W − → ∂ + W with connected and non-empty ∂ − W comprises a surgery diagram for the 3-manifold ∂ − W , together with a Kirby diagram for the additional handles of W superimposed on that surgery diagram. Following the convention of [GS99, Sec 5.5], we put brackets around the framing coefficients of the link components belonging to the surgery diagram of ∂ − W . Therefore, given a relative Kirby diagram, the 3-manifold ∂ − W can be obtained by doing surgery on the sublink with bracketed framing coefficients, and ∂ + W can be obtained by doing surgery on the entire link diagram.
A relative Kirby diagram for W = CP 2 #(S 2 × S 1 × [0, 1]) consists of the disjoint union of a 0 -framed unknot (a surgery diagram for S 2 × S 1 ) and a 1-framed unknot (a 2-handle attachment giving rise to the bordism CP 2 #(S 2 × S 1 × [0, 1]). We construct ψ as a sequence of relative Kirby moves [GS99, Thm 5.5.3] such that, when restricted to bracketed components, ψ is the identity and, when considered as a sequence of moves of surgery diagrams for ∂ + W = S 2 × S 1 , ψ corresponds to the Gluck twist. Explicitly, we define ψ to be the handle slide of the 1-framed unknot over the 0 -framed unknot. When restricted to ∂ − W = S 2 ×S 1 , ψ is clearly the identity. When restricted to ∂ + W , ψ defines an orientationpreserving diffeomorphism ψ + of S 2 × S 1 . Following the prescription of [GS99, Exm 5.5.8] for gluing S 2 × D 2 along ψ + to S 2 × D 2 results in the non-trivial S 2 -bundle S 2 ×S 2 . Hence, ψ + is not isotopic to the identity and is therefore isotopic to the Gluck twist.
Corollary 4.6. Let Z : Bord 4 − → Vect k be a (not necessarily semisimple) CP 2 -stable oriented 4-dimensional topological field theory. Then, the Gluck twist Z(φ) acts trivially, that is there are no emergent fermions.
Proof. By Proposition 4.5, the connected bordisms Cyl(φ) and S 2 ×S 1 ×[0, 1] are CP 2 -stably diffeomorphic. Hence, Z(φ) = id Z(S 2 ×S 1 ) .
Example 4.7. Since any invertible topological field theory Z is multiplicative on connected sums (up to Z(S 4 )-factors) and invertible on CP 2 , it is automatically CP 2 -stable and can therefore not have emergent fermions. 4.3. Semisimple field theories are CP 2 -stable iff they have trivial Gluck twist. In this section, we show that for semisimple field theories, the converse of Corollary 4.6 is true.
Theorem 4.8. Let Z be an indecomposable semisimple oriented 4-dimensional topological field theory. Then, the following are equivalent:
1. Z is CP 2 -stable.
2. Z has no emergent fermions, that is, the Gluck twist acts trivially; 3. One, or equivalently both of Z(CP 2 ) and Z(CP 2 ) are invertible;
Proof. Corollary 4.6 shows 1. ⇒ 2. for all oriented 4-dimensional topological field theories. To prove 2. ⇒ 3., we note that CP 2 #CP 2 can be obtained from S 2 × S 2 by Gluck surgery (that is by removing an embedded S 2 × D 2 and gluing it back in via the Gluck twist). Hence, triviality of the Gluck twist implies that Z(S 2 × S 2 ) = Z(CP 2 #CP 2 ). Since Z(S 2 × S 2 ) is invertible (Theorem 3.5) and Z is indecomposable and hence multiplicative under connected sums (Proposition 3.2), it follows that Z(CP 2 ) and Z(CP 2 ) are invertible.
If one of Z(CP 2 ) and Z(CP 2 ) is invertible, multiplicativity, invertibility of Z(S 2 ×S 2 ) and the orientation-preserving diffeomorphism CP 2 #2CP 2 ∼ = (S 2 ×S 2 )#CP 2 (or its orientationreversal) imply that the other is also invertible. Hence, 3. ⇒ 1. follows immediately from multiplicativity of Z.
Remark 4.9. For indecomposable semisimple 4-dimensional field theories Z, Theorem 4.8 implies that instead of requiring it for all connected oriented bordisms, CP 2 -stability is equivalent to the -a priori weaker -condition that Z(M ) = Z(N ) for all CP 2 -stably diffeomorphic closed oriented 4-manifolds M and N . Indeed, since S 2 × S 2 and CP 2 #CP 2 are CP 2 -stably diffeomorphic, CP 2 -stability on closed manifolds implies that Z(S 2 × S 2 ) = Z(CP 2 #CP 2 ) and hence that both Z(CP 2 ) and Z(CP 2 ) are invertible.
The proof of Theorem C follows immediately from Theorem 4.8 by decomposing a semisimple field theory into its indecomposable components.
Proof of Theorem C. By Corollary 4.6, the Gluck twist acts trivially in any CP 2 -stable oriented 4-dimensional topological field theory. Conversely, suppose that Z is a semisimple oriented topological field theory with trivial Gluck twist. By Proposition 2.8, Z ∼ = i Z i can be decomposed into a finite direct sum of indecomposable semisimple field theories Z i on which the Gluck twist still acts trivially. Therefore, it follows from Theorem 4.8 that every component Z i is CP 2 -stable, and hence so is Z.
4.4.
Consequences of Theorem C. The classification of CP 2 -stable diffeomorphism types is considerably simple than in the S 2 × S 2 -case. Indeed, it follows from Kreck's work that two closed oriented 4-manifolds are CP 2 -stably diffeomorphic if and only if they have the same Euler characteristic, signature, isomorphic fundamental groups and if the images c * [M ] ∈ H 4 (π 1 , Z) of their fundamental class under a classifying map c : M − → K(π 1 , Z) of their universal cover agree (see e.g. [KPT18] ).
Proof of Corollary D. The data described in the last paragraph only depends on the oriented homotopy type of M .
Similar to the S 2 ×S 2 -case, we may evaluate Z on some 4-manifold M by evaluating it on a simpler 'reference manifold' in the same CP 2 -stable diffeomorphism class. In particular, we immediately obtain Corollary E as a refinement of Corollary 3.9.
Proof of Corollary E. We first consider the case that Z does not have emergent fermions, that is that the Gluck twist acts trivially. In this case, it follows from Theorem C that Z is CP 2 -stable. By the above discussion, two connected, simply connected closed oriented 4-manifolds are CP 2 -stably diffeomorphic if and only if they have the same Euler characteristic and signature. In particular, any such M is CP 2 -stably diffeomorphic to # b + 2 (M ) CP 2 # b − 2 (M ) CP 2 . The 'no fermions' entry of the table follows from multiplicativity of the indecomposable semisimple field theory Z. Invertibility of this entry follows from Theorem 4.8 3.
If Z has emergent fermions, it follows from Theorem 4.8 3. that Z(CP 2 ) = Z(CP 2 ) = 0 and hence, by Corollary 3.9, that M vanishes on simply connected manifolds which do not admit a spin structure. The value of Z on simply connected spin manifold follows from Corollary 3.9. It is invertible, since Z(S 2 × S 2 ) is invertible and since there is an orientation-preserving diffeomorphism K3#K3 ∼ = # 22 (S 2 × S 2 ). Example 4.11. As discussed in Example 4.4, the Crane-Yetter-Kauffman field theory CYK C has fermions if and only if C has a transparent simple object with non-trivial twist. In particular, if C is a modular tensor category, CYK C does not have fermions since the only transparent simple object of C is the tensor unit I. Therefore, the non-fermion case of Corollary E may be seen as a generalization of the explicit computation of CYK C in [CKY93] . Of course, in this particular case, this explicit expression follows more directly from the fact that modularity of C is equivalent to invertibility of the field theory CYK C , and the classification of 4-dimensional invertible oriented field theories in terms of Euler characteristic and signature [SP18, Sec 1.3].
